We have explored Hawking non-thermal and purely thermal radiations of Kerr-anti-de Sitter 
Introduction
About four decades ago, an extraordinary invention made by Stephen William Hawking that black holes radiate thermally. By the black hole thermodynamics, the thermal radiation with the Hawking temperature determined by the surface gravity at the event horizon [12, 13] is taken as entropy [4] [5] [6] and surface gravity is the acceleration measured at the spatial infinity that a stationary particle should undergo to withstand the gravity at the event horizon. The one is the information lost and the other one is the technical problem arisen during the study of Hawking thermal radiation. The loss of information was not a serious problem in the classical theory, since the information could be thought of as preserved inside the black hole but just not very accessible.
However, taking the quantum effect into consideration, the situation is changed. On the thermal radiation of black holes [14, 19, 20, 36] , the emission of Hawking radiation [12, 13] , black holes could lose energy, shrink, and eventually becomes smaller and smaller until disappears completely. It seems that pure quantum states can evolve into mixed states and such an evolution violates the fundamental principles of quantum theory, as these prescribe a unitary time evolution of basis states. Derivations in string theory support the idea that Hawking radiation can be described within a manifestly unitary theory, it remains a mystery how information is returned. Hawking described the existence of black hole radiation as tunneling triggered by vacuum fluctuations near the horizon [12, 13] but actual derivation of Hawking radiation did not proceed in this way at all [13] . This method also gives a leading correction to the emission rate arising from loss of mass of the black hole corresponding to the energy carried by the radiated quantum. Carrying this method, the Hawking radiation from AdS black holes have investigated by Hemming and Keski-Vakkuri [14] and Medved has studied those from a de Sitter cosmological horizon [28] . All these spherically symmetric investigations are successful. Many researchers developed two universal methods to correctly recover Hawking radiation of black holes. First one is the gravitational anomaly method [39] and other is the semi-classical tunneling method initiated by Kraus and Wilczek [19, 20] . Actually their development is not advanced since that the method applied, is limited to discuss the tunneling rate of the uncharged massless particles only [1, 2, 8, 9, 16, 21, 22, 25, 26, 29-32, 34, 37, 43, 48-55] . For black holes with a charge, the emitted outgoing particles can be charged also, not only should the energy conservation but also the charge conservation be considered [15, 20] .
Parikh-Wilczek's [36] original calculation only considered the tunneling process of a massless and uncharged particle, recently it is shown that such tunneling method can be easily extended to study the massive [54] and charged particle's tunneling process [25] . Zhang and Zhao was first proposed by Hawking radiation from massive uncharged particle tunneling [57] and charged particle tunneling [58] from black hole and in 2005, Zhang and Zhao et al. extended their work to the Hawking radiation of massive and charged particles and made a great deal of success [17, [55] [56] [57] 59] , which has effective significance on the further cognition and research on black holes and also in the same year, a different method was introduced by Angheben et al. [3] . It is called HamiltonJacobi method and it is an extension of the complex path analysis proposed by Padmanabhan et al. [44] [45] [46] . Using the null-geodesic and Hamilton-Jacobi methods, for analyzing the temperature of Taub-NUT black holes [23] , Kerner and Mann [23] developed quantum tunneling methods and Hamilton-Jacobi method is rolled up for calculating the relativistic Hamilton-Jacobi equation.
Parikh and Wilczek applied the semi-classical quantum tunneling model to research on the Hawking radiation of the static Schwarzschild and Reissner-Nordstrm black holes [2, 31] and them opinion the true radiation spectrum is not strictly thermal but satisfies the underlying unitary theory when self-gravitation interaction and energy conservation are considered. It is clear that the background geometry of a radiating black hole should be altered (unfixed) with the loss of energy. Chen, Zu and Yang reformed Hamilton-Jacobi method for massive particle tunneling and investigate the Hawking radiation of the Taub-NUT black hole [10] and using this method Hawking radiation of Kerr-NUT black hole [27] and the charged black hole with a global monopole [18] developed using Painlev´e coordinate system. In this paper, this method is applied to investigate the Hawking radiation of KAdS black hole and to calculate the imaginary part of action from Hamilton-Jacobi equation avoid by exploring the equation of motion of the radiation particle in Painlev´e coordinate system and calculating the Hamilton equation. In this method tunneling rate is related to the change of Bekenstein Hawking entropy [36, 37] .
In recent times, we have developed the Hawking radiation of Schwarzschild-de Sitter [40] and Schwarzschild-anti-de Sitter [41] black holes by Hamilton-Jacobi method when the selfgravitational interaction and the unfixed background spacetime are taken into account. In this method, the imaginary part of the action come from the relativistic Hamilton-Jacobi equation and the actual Hawking radiation spectrum deviates from the purely thermal one, satisfies the underlying unitary theory and gives a leading correction to the radiation spectrum. The imaginary part of the action for the process of s-wave emission across the horizon, which in turn is related to the change of Bekenstein Hawking entropy and using WKB approximation
where Γ is the emission rate, I is the action for an outgoing positive energy particle.
Properties of black holes in anti-de Sitter (AdS) spaces especially those of thermodynamics [23] investigated thoroughly in recent years within the context of the conjectured equivalence [24, 47] and a large static black hole in asymptotically AdS spacetime corresponds to an (approximately) thermal state in the CFT. Therefore, the time scale for the decay of the black hole perturbation, which is given by the imaginary part of its action, corresponds to the timescale to reach thermal equilibrium in the strongly coupled CFT [7] . The accelerating expansion of our universe indicates the cosmological constant might be a positive one [35, 38, 42] and the recent development in string /M-theory greatly stimulate the study of black holes in anti-de Sitter spaces and hence our study on the Kerr-anti-de Sitter black hole is plausible and meaningful.
In order to carry-over this article, KAdS black hole spacetime is described and near the event horizon the new line element of KAdS black hole is derived in the later section. In section 3, the unfixed background spacetime and the self-gravitational interaction are taken into account, we review the Hawking non-thermal radiation of KAdS black hole from massive particle tunneling method. In section 4, we derived the Hawking purely thermal radiation from non-thermal rate. Finally, in section 5, we present our remarks.
Kerr-anti-de Sitter solution
Kerr-anti-de Sitter black hole, which is the exact solution of the Einstein field equations with a negative cosmological constant describes rotating black hole in four-dimensional spacetime with asymptotic-anti-de Sitter behavior in the Boyer-Lindguist coordinates [11] with cosmological radius l, mass M and the angular momentum per unit mass a has the form
where ρ = r + a cos θ , Δ = (
The coordinates are defined such that 
Obviously, the event horizon of the Kerr-anti-de-Sitter black hole is less than the Kerr event horizon = + √ − . It also gives Kerr black hole [56] for ℓ → ∞(Ξ → 1) and
Schwarzschild-anti-de Sitter black hole [40] for a = 0. To study the Hawking radiation of Kerranti-de Sitter black hole effectively, we choose dragging coordinate transformation as follows
Now applying (7) on the line element (2), then the new line element of the Kerr-anti-de Sitter black hole takes on form as
The position of the event horizon is same as given in Eq. (6). We select the line element (8) and make a treatment to it and therefore, near the event horizon, the line element (8) can be written as
where ( ) = + cos and Δ , ( ) = − − 2 .
The Hamilton-Jacobi Method for Non-thermal Radiation
To calculate the imaginary part of the action from the relativistic Hamilton-Jacobi equation, we use the method of Chen et al. [10] by giving up the exploration of the equation of motion in the Painlev´e coordinates systems. In order to calculate the imaginary part of the action from the relativistic Hamilton-Jacobi equation, the action I of the outgoing particle from the black hole horizon satisfies the relativistic Hamilton-Jacobi equation (11) In which m and are the mass of the particle and the inverse metric tensors derived from the line element (9) . The non-null inverse metric tensors for the metric (9) are = − , ( )(
Using (12) in Eq. (11), we have
The action I for I(t, r, θ, ) is too difficult to solve. To find the solution in a convenient way, the separation of variables can be taken as follows
where ω is the energy of the particle, j is the angular momentum with respect to the angular , R(r) and H(θ) are the generalized momentums.
From Eq. (13) and Eq. (14), we get 
With classical limit as mentioned in refs. [33] , we make sure the incoming probability to be unity when there is no reflection i.e., everything is absorbed by the horizon. In this situation the appropriate value of instead of zero or infinity can be taken as = , ( ) (ω − jΩ ) + Re(η). Therefore, Im = 0 and give the imaginary part of action I corresponding to the outgoing particle of the form 
Using Eq. (6) into Eq. (17), we get the imaginary part of the action as follows- 
For the simplicity, after some calculations, neglecting 3 M and its higher order terms, we then get
Suppose the Arnowitt-Deser-Misner (ADM) mass of the total spacetime to be fixed and in presence of cosmological constant KAdS spacetime is dynamic, and hence allow KAdS black hole to fluctuate. When a particle with energy ω and angular momentum j tunnels out, the mass and angular momentum of the KAdS black hole should be replaced by M − ω and J − j respectively. Taking the self-gravitational interaction into account, the imaginary part of the true action can be calculated from Eq. (19) in the following integral form
For the maximum value of integration, neglecting 1 − and, then replacing M by − and j by J-j, and then using − = ( − ) /Σ , equation (20) becomes
Finishing the ω integral finally yields
where Therefore, using Eq. (1) the tunneling probability for the KAdS black hole can be obtained as
The result shows the actual radiation spectrum deviates from the purely thermal one and gives a correction to the Hawking radiation of the black hole.
Purely Thermal Radiation
It is obvious from Eq. (23) the radiation spectrum is not pure thermal although gives a correction to the Hawking radiation of KAdS black hole. The purely thermal spectrum can be derived from Eq. (23) by expanding as discussed by Hossain et al. [40, 41] of the form
From above two equations, we obtain the purely thermal emission rate of the form Furthermore only when a = 0 and Λ = 0, the line element (2) is reduced to the Schwarzschild black hole [36] and therefore the non-thermal and purely thermal tunneling rates can be written as which are full accordant with Parikh and Wilczek's results [36] and where = 2M and = 2(M − ω) are the locations of the Schwarzschild black hole event horizon before and after the particles emission.
Concluding Remarks
We have developed Hawking radiation as massive particle tunneling method from KAdS black hole in this paper. Considering the self-gravitational interaction, the background spacetime as dynamical and the energy as conservation, we have explored that the non-thermal and purely thermal tunneling probabilities of KAdS black hole at the event horizon. The non-thermal tunneling probability depending on the initial and final entropy of the system is called the change Bekenstein-Hawking entropy and it is noted that the similar results have been shown considering the same proposition for massive particle tunneling at the event horizon of SAdS [41] and Taub-NUT [9] black holes and also agree by massless or massless charged particle tunneling from various spacetime like as charged black hole with a global monopole [18] , kerr-NUT black hole [27] , Kerr and Kerr-Newmann black holes [17] etc. Thus the actual radiation spectrum of KAdS black hole is not precisely thermal and the tunneling probability is related to the change of Bekenstein-Hawking entropy but satisfies an underlying unitary theory and also gives a correction to Hawking radiation.
